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conditions are excited by a boundary force and are described by a quasi-linear
wave equation of general form, Conditions are imposed on the boundary force
such that at the initial stage of the process a domain of continuous first deriva-
tives exists, For the successive approximation of the solution of the quasi-linear
equation in this domain we propose a procedure in which the solution of a linear
homogeneous wave equation serves as the zeroth approximation, while the suc-
ceeding approximations are computed by integrating the inhomogeneous wave
equations obtained from the original quasi-linear equation by approximating the
nonlinear terms by means of the preceding approximation, We consider the ap-
plication of this procedure for constructing the asymptotic approximations and
we analyze the deviation of the nonlinear solution from the linear solution (the
zeroth approximation) as a function of the coefficients of the quasi-linear equa-
tion and of the nature of the boundary force, As an illustration we examine geo-
metrically and physically the transient wave processes of deformation of an elas-
tic halfspace, We show that in the special case of an abruptly applied force,
which subsequently varies sinusoidally with time, the nonlinear effects lead not
only to a variation in the amplitude of the linear solution, but also to the appear-
ance of qualitiatively different high-frequency components of the solution, The
approximation procedure which in the present paper has been proposed, by ex-
ample of a second-order quasi-linear equation, for the construction of a solution
of the travelling wave type, is related in concept, to a certain extent, to the me-
thod of perturbations [1], We remark that the procedure of successive approxi-
mation was applied in [2] for constructing the solution of a second-order quasi«
linear equation in the form of an expansion in standing waves, To some extent,
closely related to the present paper are the investigations in [3 — 5] in which

the dynamic process, modelled by a quasi-linear system of equations, is described
approximately as the sum of two components of which one is determined as the
solution of the linear wave equation, while the other is constructed in a non-
wave form by the method of perturbations,

We consider one-dimensional transient wave processes which under zero initial
We con I one-dimens Ve processes wnich un itia

1, Statement of the problem, Let be a dimensionless coordinate, T
dimensionless time, u (§, T) the unknown function, & a small positive number and
H (7) the Heaviside function, Let a prime denote the derivative with respect to ,
while a dot — the derivative with respect to 7. Intheregion £ >0, 1 > 0 we
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consider the integration of the quasi-linear equation

u € np W, w,u &) —u & g, u, u ) =
=R, u,u§ 1) (1.1

p,v,u; §, ) =1+PW, v, u; 1)
g, v, u; &,y =14+Q @, v, u; § 1) (1.2)
Puw,u,u E 1) = au + au + au + ay (u)* +
't 4 ayy (B')? + agett’u + ayu’u + ageu® + ... (
Q' u,u & 1) = b’ + bu' 4 bou + byy (W) - byu'n’ 4 (1.
by (W) + bygu'u + byu'u + boot® + . ..
R, uw,u & 1) = (W) e v + ¢ (W) + caqut’u +
ol u + Cooli® - Cazp (WP + €app (W) A+ ogu’ (W) + (1.5)
ey (') + Caze ()20 - Cae0uW? - c450(0')? u +

Crool'U? -+ oot u’ U + copou® + . - .

=N
e’

[EEN
]
S’

Here ay, Gy, « « by, Bijyenny €45y €k s - - . are continuous functions of & and 7,
which acquire finite values, Here the number of indices 0 shows the power of u(§, 1),
the number of indices 1 shows the power of u’ (€, 1) ,and the number of indices 2
shows the power of u” (£, 1) in the term standing after the coefficient,

We give the initial conditions

v 0=0 w(E0=0 (1.6)
one of the following boundary conditions:
u' (0, 1) = e¥ (v) H (1), (Problem A) (1.7
u (0,7 = — e ¥ (1) H (1) (Problem B) (1.8)
and the condition of damping at infinity
u (00, ) =0 (1.9)

If the function u (0, 1) were given for £ = 0 ,then by a differentiation of % ©, 1)
with respect to T the problem can be reduced to case (1. 8), We require that the speci-
fied function ¥ (1) have, for v >> 0 , finite continuous derivatives of all the orders
encountered in the subsequent discussions and that it satisfies the conditions

¥(0)=0 max|¥(@)|<l for 70 (1.10)

We are easily convinced that in the problem statement adopted, as a function of the
coefficients of representations (1. 3) — (1. 5) and of the properties of function ¥ (t),
either for any & >> 0 and v>>0,or in some finite time interval 0 <{ 1 < 1,=const,
0 < E < 7, the conditions

p,u,u;81v>0, q,u,u81)>0 (1.11)
are fulfilled and Eq, (1.1), being hyperbolic, has a travelling wave type solution, Here
either for any £ > 0 and T > 0 or at some initial stage 0 <C v <C 1, = const
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of the wave process, ' (§, 1), ¥’ (£, 1} and u (€, t) are continuous functions, We
note that u’ (§, t)and &’ (£, T) become discontinuous at a finite value of time T="1,
when the coefficients of representations (1. 3) — (1, 5) and the function ¥ (T} are such
that a shock wave occurs at T = To[6 — 9],

A number of nonlinear problems of mechanics and accoustics lead to the integration
of special forms of Eq, (1,1) with coefficients of (1.2) - (1, 5) type. For example, the
nonlinear posing of the problems of one-dimensional transient wave processes of the
deformation of an elastic half-space [6 ~ 9] and of elastic rods {10, 11] leads to the
special case P = 0, R = Oand Q = Q (u’) with constant coefficients b;, b;;,...
This special case is analyzed in Sects, 5 and 6,

2. The successive approximation procedure, Let us consider the suc-
cessive approximation of a wave solution of Eq, (1,1) for small values of T in the do-
main of continuous u’ (E, 7), ¥’ (§, 7) and u (E, T), using a procedure in which the
zeroth approximation (j = () is determined by integrating the linear homogeneous

equation uy” (&, V) — uo” (E, T) = 0 2.1)

while the succeeding approximations (j = 1,2, ...) are determined by integrating
the linear inhomogeneous equations
o M E = Gt 1) f 1 2 ) (2‘2)
ui (€, ) —u" () i (5, { chy
where
Gj (g’ T) = Ujy (§, t)’p(uj-l’ Ujq, Ujy5 504+
U1 (5, 1) Q (U1 Ujory Ujrs & T) -+ R (Ujo1, Ujery t5ri £, T) (2.3)
The zeroth approximation of the solution of Problem A, i,e, the solution of the lin -~
ear wave equation (2.1) under the boundary conditions (1. 8), (1. 7), (1. 9), and the zeroth
approximation of the solution of Problem B , i, e, the solution of the linear wave equa~
tion (2,1) under the boundary conditions (1,86), (1. 8), (1. 9), are the same and can be
represented in the following form:

T

uy( ) = \ur' € Ot = — oW1 (r —DH (1 =) (2.4)
Uy (B, )= —uy G 1) =e¥(T—E H(r—¥ (2.9)
uy (8, 1) =uy " §, = —e¥ (T -5 H(x—F (2.6)
Here and further -k
V(v —F) = S ¥ (z)dz @.7)

0
We can convince ourselves that in the domain of continuous u’ (§, 1), ¥’ (§, 1) and
u (§, 1) ,when computing the succeeding approximations j = 1,2,3, . . . the right-
hand sides of Eqgs, (2. 2) have the structure

Gi(§, =g DH(T Y (2.8)
where g; {§, T) are continuous functions when T > E.
Thus, the computation of approximations j = 1, 2, 3, . . . reduces to the inte-

gration of the inhomogeneous linear wave equations
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ui”" (& ) —uf (6 1) =g;E ) H (v —§) (2.9)

Using the Laplace transform and applying the method used in [12], we can show that
the exact solution of Eq, (2. 9) in the case of Problems A and B can be represented as

us (& 7) = \uy (& t)dt (210

=2 I

uf (€ 1) = O¥ (1 — ) H (1 — §) = Yol Fyj (& ©) — %Py (& ©) + VP, 1)
1y (6 1) = — ¥ (t =D H (v =) + TPy & 7) + Py (&, D) + YaFy &, 1)
(2.41)
uf' & r)x{——e‘ff'n—&)-gj(&, W+ T (S8 5+
o5 o+
T TF*E D + 5 Fo* 6 0+ Pt 6 )

u;” (& ) = uj (y, )+ g 1) H (v —¥) (2.12)
Here T = 1 inthe case of Problem A4 and T == — 1 in the case of Problem B .
In (2,11} and (2,12) we have used notation (2,13) and (2, 14), respectively
(B} /2
Py 0=HE-9 \ g@wd pn=t-z-:
0
£
Pyt 0=HE—0 8@ pds, w=t—gtz (219
0
(t+8) /2
Fy@r=He—9 \ &6 yds, w=vtz—z
3

(=—E) /2
Fi* (g v) = H (1 —Y) 5 g @ mde, w=v—g—z

g
Py v =H( —aSg; (@ v)de, m=t—tir (244
0

{(rE)/
st* (ga T):: H(T_g) g?'.(xe ys) dx, Yp=T+E—2z
z

For concretely specified function ¥ (1) and coefficients a;, a;j, . . ., by, by, - .,
€ijs Cijhs - - - by an analytic or numerical computation of the integrals occwring in
formulas (2.13) and (2.14) we can find the several first approximations (j = 1,2, . . )
of the wave solution of the quasi~linear equation (1, 1) under the boundary conditions

of Problems A and B ., From these approximations we can establish how the solution
of Eq, (1.1) differs from the solution of linear equation (2, 1) with increasing time, The
approximation precedure formulated can be applied also in the case of functions
P,uw,u & 1),0wW,u,u & 1) and R, u,u § 1) which differ
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from (1. 3) — (1. 5) but which for sufficiently small values of T satisfy the conditions
IPl<1,  |QI<1
IRI<|u” & n, [BI<|u’ & )|

3, Realigation of the procedure in the form of an asymptotic
approximation. The approximation procedure described can be used to construct
asymptotic approximations as g — 0 . To do this we should compute g; (§, 7) to
within terms with the factor €%, g, (§, T) to within terms with the factors 2, €2, ete,
For such accuracy of computation the functions g; (§, T) have the structure

¥
g (&) =€ Q) eig* (&, 1) (3.1)

=
where g£;* (€, 1) does not depend upon &. The asymptotic approximations of the un-
known functions u; (§, 1) and of their derivatives are subject to computation by the
general formulas (2,10)— (2,14). For such a realization of the procedure the jth appro-
ximation has the structure j

u;(E, 1) = eH (v — ) Q) ey (&, ) (3.2)

i=0

where v; (§, T) does not depend upon &.

In view of the fact that functions (1, 3) — (1. 5) are polynomials in »’ (€, 1), &’ (£, 1)
and u (£, 7), the realization of the proposed approximate procedure as asymptotic appro-
ximations, as € — 0, yields a solution in the form of sum (3, 2) which in structure is ana~
logous to the original assumption used when applying the method of perturbations [17,
However, as far as the author is aware, the transient wave processes considered in the
present paper have not been investigated by the method of perturbations, We remark
that to within representation (3, 1) function g (§, 1) and, correspondingly, also the first
asymptotic approximation w1 (§, 1) are defined by the function ¥ (1) and by the coef-
ficients a;, b;, ;5 (i,7 = 0, 1, 2) of representations (1, 3) — (1. 5). The second asymptotic
approximation u, (§, 7) depends on ¥ (v) and on the coefficients a;, a;;, b;, bij ¢y
ciin (i, j, h = 0, 1, 2) of representations (1, 3) — (1, 5). The coefficients of representations
(1.3)— (1. 5), on which the succeeding asymptotic approximations depend can be indi-
cated by analogy,

Let us consider further the case of constant coefficients of representations (1, 3)—(1,5)
and for this case give explicit formulas for the first two asymptotic approximations,
From what is set forth below we see that in the case mentioned the functions v; (§, 1)
in (8, 2) have the structure i

vi(E, T) = 2 By (v —E) (3.3)
k=0
and in the jth approximation the asymptotic solutions of Problems 4 and B for g —>0,
can be written in the form

65 (8 )=t (v — &)+ H (t —E)e D) & D) Ty (v — )
k=g

i=1

uif (& V) =u) (T =8+ H(x—E)e ) g8 2 Engue (v — E)
=0

i=1 k
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w5 (5 V) =ue (t — &)+ H (T —E)e D &t ) By (1 —E)

j=1 k=0

(& 1) = g (T — )+ H (v — E) 8 Q) &f D) Efnggix (v — ) (3.4)

=1 k=0

ui" (& ) =" (T —8) + H(t—E)e X el D Enecp (T — E)

i=1 k=0

Here %k, Meinys Neiky Megsn aDd Meogp are functions which depend on § and T in
terms of the difference 1 — E. However, the forms of these functions for Problems A
and B are different and are determined by the function ¥ (t) and by the coefficients
of representations (1, 3) — (1, 5).

The first asymptotic approximation in the case of constant
coefficients of representations (1,3) — (1, 5), Having carried out the
calculations for j = { on the basis of formalas (1.3}~ (1. 5) and (2, 3) — (2. 8), we
have the asymptotic approximation

&5 ™ =go(T—08, G0 (v — &) = (v —F) (3.5)

Here

w (1 —8) =(4; —A) V- YT —§ —A¥ —H¥, (t —§ +
G -8+ C¥ (-8 ¥t —§) + C ¥l (r— ) (3.6)
Agzag—bg, A1=al—bl, Aozao""'ba
Cy = ¢33 — o + €11, €1 = €30 — €10, Co = Cgo 3.7
and we have used definition (2, 7). Due to the fact that in the case being considerd
g (E, ©) = gy (v — &) and g4 (0) = O, the general formulas (2,11) and (2.12)
simplify into formulas (3. 8) and (3, 9), respectively,

-t
wEO={r -9+ -1 | gu@ds— gt -} HE -1

-

—&
w @) ={—e¥ -9 +0+D { au@a+ (389

0

5B (t— DI H (x—B)

u G ) ={—e¥ (@ =8+ Y (T —3) go(tr — &) +
V2 g (t —E)} H (v — §) (3.9)
T E D) =u" ()t g (t— 8 H(t—§
Substituting (8. 5), (3, 6) into (3. 8) and (3, 9), we obtain formulas of form (3, 4), where

in the given case j == 1 and in the right~-hand sides the first terms ave the linear
solution (2, 4) — (2. 8), while the second terms are defined in therms of the functions
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T—E z TTE
mo(t—8 = A +D) { &zlw@d, nE—9=7\ w@d
1 :—E 0 Xy
nam(f-—E):Tﬂ—T) S w, (2) dz, Nen(t —§) = — 5w (vt —§
—E

Mo —Y =70+ | w@d, nuE—9=—Fuw@E-3

0

Negwo (T—8) =Yy (T — 3wy (v —E), Meen (v —8) =owy (v —§)
Neero (T — &) =4 (T + D) w (v —E)y MNeen (v —&) =Y, (v —E) (3.10)

Thus, if function ¥ (t) and the numerical values of coefficients a;, by, ¢;; (i, j = 0,
1, 2)are given, then the problem of computing the first asymptotic approximation con-
sists in a successive application of formulas (3, 4),(2.4) — (2. 6) and (3,10).

The second asymptotic approximation with constant coeffici=
ents of representation (1,3) — (1,5), Substituting the first asymptotic
approximation into (1, 3) — (1. 5) and using (2, 3) and (2, 8), we have the asymptotic

PR € ) = a0 (T — B + B (¢ — ) (3.41)

Here (3.12)
G —8=8wT—§F+eefw(t—8), gn(t—§ =¢ef(t—F
In (8,11) the function w; (t — §) is defined by formula (3, 6), while the functions
wy (Tt — &) and f, (v — &) have the following values:
-k <-E z
wy (vt —8) =¥ (v —8){B, § w,()dz+ B, § dz{w,al +
0 0 0

A¥r (=) + Ay (r— )Wy (v — D)+ A (D (-
BB (v — &) + (By + b) ¥a (v — B} — [C*¥ (v —

-k
§+0r ¥ (=8| fwm@dz— U+ D[ Y —D+OF -
t-£ z 0
) § az{w 0 dl—C0 ¥ (—H— ¥ (— B (—D—C0r¥ (B x
°t Wil (1 —E) — Cro¥P (v — §) (3.13)

T-E

Ae—D=g ¥ E—n{(h—a) o=+ 4 | wi(dz ]+

Sy (T — ) {(4y — A) ¥ (5 —E) + 4¥, (t — E)} —

0y (= {CY (=8 + Y =B~ [T ¥ -] +
Coty (v —B)] ‘S'E w, (2) dz

0
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In(3.13), in addition to (3, 7) we have used further the following short notation for the

constants ;
Ay = gy — by — @1 + bgr + an — bu

Ay = ag9 — byo — a1o + bigy Ayo = @go — by
B,=%Y,(1+D4,+4Y.(1—-T)A4,
Bi=Y, 1+ 14— 4)+ b — b, By=", (1 + 1) 4,
Cis = Cg99 — Caz1 + Cz11 — C111s C1a = Cagp — Ca10 + C110
Ci1 = €300 — C1000 C10 = Copn C1* =1, (1 4 T)ego + Mo (1 — Teyy
Co* =Yy (1 + Tegg — Yo Tegr + Vo (T — en

In the special case being considered of a function g, (&, t) of form (3,11), possessing
the property g4 (0) = 0, f, (0) = 0, the general formulas (2. 11) can be reduced to

the form <—E
w G =¥ (e =) =Y+ —DNHE—{ | guldz +
RoE o
- S szgm(l)dl———;—gH(r——E){gzo(T—E)*%‘ S gn(z)dZ}—

B (T — B H (1 — E)

=g

w @T) = — ¥ —YHE =)+ U+ DHE -] | g()ds+
T-§ z 7_(;-
s \aslem@ar} + e —p{anc—9+5 | m@dzl+

B (t— B H(t

Analogously we can modify formulas (2,12)., By substitution (3,12) we further easily
represent the solution in the form (3. 4) where in the given case j = 2 and in the right-

hand side there occur the functions (3, 10) as well as the following functions:
%

Nz (v —§) = S New (2)d2 (h=0,1,2)
0
¥ 75

Mo (0 =8 = (=D { wy@dz+ 5 | dz\a@ydl

N (F— ) = — w0, — &)+ ==\ @) 45, Nen(T— 8 = — - fa(t—F)

T

Mo (v —8) = @+ D) w, (2)dz + - S szjz(l)dl}

<
1

e (1= =0y (1—8) + =\ (@dz, Nt —8 = fa(t—1)

SE
0
_‘E t-& z
-E
(§
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t—§
e (F—8) = (7 = Yup(r =) + 5 (1 + 1) | o9 dz
Megar (T—8) = Ygwy (v — &) — ¥afo (T — &), Maema (v — &) = Yufy (v — )
‘:—'E
e (=8 = (U + Dwy(c —H + A +7) | @) ds

Nz (T — &) = Yow, (v — &) + Yaf, (T—8) Mun(t—E) =sfa (t —¥)

The second asymptotic approximation, as the first one, exactly satisfies the boundary
conditions (1.6), (1. 7), (1. 9) of Problem A with 7 = 1 and the boundary conditions
(1.6),(1.8),(1.9) of Problems B with ' = — 1, As T incteases the perturbed domain
0 <C & <C v grows, The stated formulas show how the solution of the quasi-linear equa-
tion (1, 1) differs from the solution of linear equation (2, 1) in the domain of continuous

u' (gi T)) u’ (E, T) and u (§, T).

4, Deviation of the nonlinear solution from the linear at the
very start of the wave process and in the near-front region, Or
the basis of the assumptions adopted in Sect, 1, the function ¥ (t) admits of the repre-

sentation ¥ (1) = 7% ©) + Y, w2¥™ (0) -+ Y, wY0) + . .. (4.1)

as T — ( ,here W' (0), ¥ (0), . . . are finite numbers, Let us again consider the
case of constant coefficients of representations (1.3) - (1, 5), Using (4.1) with small T,
we compute the derivatives and the integrals of ¥ (v — &) occurring in the formulas
in Sect, 3 and construct the jth asymptotic approximation in the form

uj € 1) = — {/a (v —5%¥ (0) [1 + V5 (§0)] +
Yot — EP ¥ (0) [1 + 95 (8 I +...}H (t—§ (4.2)
In the case of the zeroth approximation j = 0
Yop =0 (k=123,.) (4.3)

and representation (4, 2) turns into the expansion of linear solution (2, 4), while to within
the succeeding asymptotic approximations J =1, 2, 3, ...

] i
95, 1) = D & O (v — E)i My (v —8) (k=1,2,3,..) (4.4)
=0

i=1
Here M,; (v — &) are polynomials of (v — E)¥L, (v — &), (v — &)Y, ..
which as (T — &) = 0 tend to the finite limits
const for k=1

0 for k>2

The numerical values of the coefficients of polynomials M ;, (v — &), including
also the values of NVy;;, are determined by the values of the coefficients of represent-
ations (1,3) — (1. 5) and of the quantities

an
v

Hm M (v —8) = Ny, Ny = { (4.5)

(T-E)—~0

(e mmhnm ko nmkt2
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Note that ( 4.6)

Nuy = — e (1 + T) (4, — 4P (0), Ny = — Y, (4, — A)¥" (0)

As T — 0, i, e, at the very commencement of the wave process the quantities
¥4, (&, T) tend to zero in the perturbed domain 0 < § <C v and for any j and £.
Consequently, in the case of the problems under consideration, for sufficiently smail
values of time T the solution of the quasi-linear wave equation (1, 1) is arbitrarily close
to the solution of the linear wave equation (2.1),

Let us now consider the deviation of the solution of Eq. (1.1) from the solution of Eq,
(2.1) in the near-front region where the difference v — § is a small quantity, On the
basis of (4.2)— (4.5),as (t — E) — 0 we have

uj (& 1) ~ = (0= F eV O+ 9@ + 0 —HIH (v —§ &7)
Here i )
0o(8) =0 and &= X &Ny for 71=12,3,... (4.8)
i=1
In the near-front region § increases with a growth of t. Consequently, for sufficiently
large T the quantities ¥;(§) can acquire arbitrarily large values, Hence, for sufficiently
large values of time the error in the zeroth (linear) approximation can become arbitra-
rily large in the near-front region,
On the basis of (3.7) and (4, 8) we have

Ny = Yo (@, — ay — by + 5)¥7(0)

Let us assume that N3 does not equal zero and that | Ny;; | << (| Ny |)%. Then for
sufficiently small % for which the condition

Vzl(az”‘al“—bz'*‘ by) eE ¥’ (O)t<1

is fulfilled in the perturbed domain, the zeroth (linear) approximation has an asymptotic
error of order .

&y ~ 1y eE (ag — @y — by + b)) ¥ (0) (4.9)
in the near-front region, From the coefficients of representations (1, 3) — (1. 5) only a,,
by, ay and b, occur in estimate (4, 9). Consequently, in the case being considered the
solution of Eq. (1,1) with coefficients (1,2) ~ (1. 5) can be approximated in the near-
front region using the solution of the equation

G M Fau Faul—u G+ bou" + bu'l = 0.

5, Deviation of the nonlinear solution from the linear one
under one~dimensional transient wave processes of deformation
of an elastic half-space, Let us consider the application of the method set
forth above to the case of transient wave processes of deformation of an elastic half-
space, which in a Cartesian system of Lagrange coordinates depend on the one coordinate
X and on time £. Let W be the deformation energy density, referred to a unit volume
in the undeformed state, p, the density in the undeformed state, U (X, t) the displa~-
cement, A and p Lame constants, 2 a constant with the dimension of length, We

adopt the notation Y,
¢ = [(h+ 2p) /pal
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and we introduce dimensionless quantities by the formulas
§=Xh1, v =cth?, u=Uh? (5.1)

Then geometrically and physically the nonlinear one~dimensional transient wave pro-
cess of deformation of an elastic half-space can be described by the equation [6 — 9]

. u’ (@ o) —u' G De@)=0 (5.2)
where
q) = Gt + 27, e =u’ 4 () (5.3)

Usually the function W (e) is constructed in the form of an expansion [6 — 9] where
q (u') has the structure

q@)=1+kn" (&%) +hlu & 0L +... (5.4)

We remark that the value of coefficient %, is determined by the constants of the five-
constant theory of elasticity, while even for the computation of &, we need more exact
information on the physical properties of the meterial,

Equation (5, 2) with coefficients (5, 4) is a special case of Eq, (1.1) with coefficients
(1.2) — (1. 5), Using in this special case the formulas for the second asymptotic appro-
ximation, constructed in Sect, 8, we have

T £

uz(g,r):{-—-ss ‘F(z)dz—-sz[s A+ Tk, S w2 (2) dz

ERA G —g)] 83(12 A+ T)( (5— 3T) k2 —
&
k) § @ ds + (56— 3Nk — k)8 —8) —

]

P —b|+# O} @ -

u/ (60 =¥ -+~ — DTt~ +
ThEm V=8| 4+ =D 63k —
Ba) W2t =B + (45 (7 = )k -k § o o (e —B) +

s P — 9]+ O H ()

w6 7) = {— ¥ (=) =[5 (L + Dk ¥ (=D +
Skt W (T — )] +82[-1.‘§(1 +7) (%(5 — 3TY k2 —
kz) ‘}"3(1:——-5) + —1—(%(5 —3T)k12—k2)§—aa? PO (T — ) —

7B g VT — B+ o (O} H (v —§)
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— T)hy W (v — ) —
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u;(ar):{_av(r_sw (5 B-1)
ke 2 F?(r-s)—s2[~% 3—T)(

a2

o-—3T)k12—

kg} 4 Z%—(i Tk WP e — B e [ <~(7 3Tk —
1
b+ gkt g =) — 8 g ke 2w (o 5] +
e O} H (r—b)
ty” (§,1)~—~{-8~P‘ (t =8 — &[5+ kg ¥ —7) +
1 -
=)+ e[ T) (*8—(5—37“)1*: Py PO — )]+
171 3
&3t [... (T (5 —3TYk2 — k2 Zre(r— 5]
5[5 kit 5 W (e — D)) + o0 O} H =) (5.5)
Here, as before, I' = 1 for Problem 4 and 7' = — 1 for Problem B, Within the
braces in formulas (5, 5) the terms with factor ¢ correspond to the zeroth approximation
(the linearsolution), while the terms with factors &2 and €% are, respectively, the correc-
tions found as a result of computing the first and second asymptotic approximations,
Here the terms with factor ¥ depend on the material's physical constants expressed in
k1, while terms with factor g3 are expressed in ki and %,. To compute k; we need the

constants of the five-constant theory of elasticity, while to compute &, we need the
constants of a more exact model of the material.

If the conditions e ks <1, t ks E < k2 (5.6)

are fulfilled, then formulas (5. 5) for computing the derivatives can be simplified, with
an asymptotic error of order ek, to the following formulas:

uy (8, 1) = — uy" (5 7) = {a‘{"(r—«g) —k &% \P‘z(r —B+
o BRI (r— 8+ e (O} H (v =)
w D= 6T = =) — R P =D~ (5.7)
o PR S W —B) ket (O} H (v — )

The solutions of Problems A and 3 are identical to within formulas (5. 7).

8., Example, Suppose that on the surface X = 0 of an elastic half-space there
is applied either the force
au (X, /ot = — ecsin Qt H (1) for X =0 (6.1)

or the force i
AU (X, 1)/8X = esin Qt H () for X=0 {6.2)

if we introduce the dimensionless quantities (5,1), then in case (6,1) we have Problem
& , while in case (8, 2) we have Problem 4 relative to Eq, (5,2), Here
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¥.(t) = sin (v hQc™?)
Let us assume that the specified values of the coefficients k1, k, and & are such that
conditions (5. 6) are fulfilled, and let us use the simplified formulas (5, 7) of second
approximation which withan error of order ek are the same for Problems 4 and B. We
then have

U (X, t 1 3U5 (X, t) ) _ 1 8. _
%—) = — C——Z(,(’T— = {sm [@— Xc1)] +~4—klec 1x ?t—sm2 [Qt— X)) +
1 o2
% k%22 X% —a- sian? [Q@— X)) }eH(t — Xc Y (6.3)

Formula (6. 3) can be easily led to the form

(X, 1
fﬂ%ﬂ . %-—Ui;—t——) :{(1 —5 klﬂezxzszze-‘s) sin [Q(t — Xe™U)] +
1
- feX Qe lsin 2@ (1 — Xe )] + (6.4)
%klﬁeﬁX?Q%"‘ sia [3Q (£ — Xc—l)]}eH (t — Xc)
To within a linear (zeroth) approximation we have the solution

From a compatison of (6.4) and (6, 5) if follows that the nonlinear effects increase
with the growth of %1eXQc¢™! and in the case being considered, occur in two forms:
a) in the form of a variation in the amplitude of the linear solution, b) in the form of
the appearance of higher frequency components of the wave process, which were absent
in the linear solution, For sufficiently small ¢ the nonlinear solutions differ arbitrarily
little from the linear one, but as time ¢ increases the perturbed region 0 << X <t
grows and the nonlinear effects become apparent more strongly in that part of the per-
turbed region where X acquires comparatively large values, For the specified values of
k1, e, Q and ¢ the approximation method used is suitable in that part of the perturbed
region where ke XQc™' is less than or of the order of unity.
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The behavior of active muscular tissue is described with the help of a closed
system of equations of motion of a two-phase, multicomponent, anisotropic con-
tinuous medium, with the mechanochemical processes occurring within it taken
into account. The fundamental hypotheses are based on the information of gene-
ral character concerning the structure and performance of the muscular tissue,
It is assumed that the phase in which the mechanochemical reactions take place
is viscoelastic, while the other phase is assumed elastic. The medium is assumed
to have single velocity, although a passage of components between the phases is
allowed, The laws of conservation are given and the rheological equations are
written in accordance with the general principles of the mechanics of continu-
ous medium and thermodynamics of irreversible processes [1 — 4], It is shown
that the model constructed describes, e, g., such characteristic properties of the
muscle tissue as the existence of stresses in the absence of strains, zero-load de~
formations, and dissipation of energy in the state of mechanical equilibrium,

The activity of the muscular tissue is governed by chemical processes taking
place in the tissue, within the specific ordered structures called myofibritlae
and, in the final count, by the mechanochemical reactions which affect the form
or the relative distribution of the protein molecules [5 — 8], Outside the myo-
fibrillae we have various auxilliary systems, the connecting tissue and other
structures, including capillary blood vessels which serve as the source of initial
chemical compounds. The onset of active muscular contraction is connected
with the arrival of specific reagents at the myofibrillae.

The study of various physiological phenomena (such as the working of the



